Four methodologies to project future trees per acre by diameter class were compared to develop a new modified stand table projection growth model for unmanaged loblolly pine (Pinus taeda L.) and slash pine (Pinus elliottii Engelm.) plantations in East Texas. The new models were fit to 92,882 observations from 153 permanent plots located in loblolly pine plantations and 33,792 observations from 71 permanent plots located in slash pine plantations throughout East Texas. The new models were validated with 12,750 observations from 22 permanent plots and 3,724 observations from 9 permanent plots located in loblolly and slash pine plantations, respectively. The validation data were used to select between the four methodologies. The results indicated which of the new models produced the best results, based on error indexes calculated for trees per acre and basal area per acre at the stand table and diameter class levels across a range of projection lengths. We recommend that this new model be used by forest managers for projecting stand tables in East Texas loblolly and slash pine plantations. An example is also provided to show users how to use the new modified stand Borders et al. (2004) followed the methodology of Pienaar and Harrison (1988) but used a Bayesian algorithm to allocate mortality to the diameter classes. Nepal and Somers (1992) projected the stand table using an implied diameter growth equation developed from the Weibull distribution (Bailey 1980). The stand table was then adjusted using an algorithm that assumed that trees in each diameter class followed a doubly truncated Weibull distribution. Cao and Baldwin (1999) modified the Nepal and Somers (1992) model by calculating survival at the beginning of the growing period and using a constrained leastsquares procedure (Matney et al. 1990 ) to adjust the future stand table. This procedure was later modified by Cao (2007) to incorporate predictions from individual-tree diameter growth and survival models.
A frequency table of trees arranged by diameter classes, known as a stand table, is used routinely to make forest management decisions. Stand tables are derived from current inventories of existing stands, and through the use of projection models, a future stand table can be obtained. Early stand table projection models used diameter growth rates, based on increment core samples, and estimates of mortality to project a stand table into the future (Chapman and Meyer 1949, Avery and Burkhart 1983) . More recent stand table projection models are based on empirical measurements and are modified (hence the name modified stand table projection models) by constraining the future stand table to exhibit stand characteristics, such as basal area and density, as estimated by growth and yield models. Pienaar and Harrison (1988) calculated survival and projected basal area growth on the basis of relative size. The resulting stand table was constrained to be consistent with whole-stand estimates of basal area per acre and trees per acre. Borders et al. (2004) followed the methodology of Pienaar and Harrison (1988) but used a Bayesian algorithm to allocate mortality to the diameter classes. Nepal and Somers (1992) projected the stand table using an implied diameter growth equation developed from the Weibull distribution (Bailey 1980 ). The stand table was then adjusted using an algorithm that assumed that trees in each diameter class followed a doubly truncated Weibull distribution. Cao and Baldwin (1999) modified the Nepal and Somers (1992) model by calculating survival at the beginning of the growing period and using a constrained leastsquares procedure (Matney et al. 1990 ) to adjust the future stand table. This procedure was later modified by Cao (2007) to incorporate predictions from individual-tree diameter growth and survival models.
The objective of this study was to develop a modified stand table projection growth model for unmanaged loblolly pine (Pinus taeda L.) and slash pine (Pinus elliottii Engelm.) plantations in East Texas. Four new models were developed using the methodologies of Nepal and Somers (1992) , Cao and Baldwin (1999) , Cao (2007) , and a combination of Pienaar and Harrison (1988) and Cao and Baldwin (1999) . These four models were validated with East Texas pine plantation data not used for model fitting based on an error index developed by Reynolds et al. (1988) . measured at 4.5 ft above the groundline), total height (feet), and the survival status (live or dead) were monitored for each planted tree over a 28-year period. Plots were remeasured every 3 years as long as they physically existed. Data from only one subplot (the development subplot) were used in this study. Dominant height (feet) was determined by averaging the total heights of the tallest ten trees on a subplot (which approximates the average height of the tallest 40 trees per acre) that were free of damage, forks, and stem fusiform rust (Cronartium quercuum [Berk.] Miyabe ex Shirai f. sp. Fusiforme).
From the total 105,632 loblolly pine observations, approximately 10% (n ϭ 12,750 observations from 22 plots) were randomly selected and removed from the complete data set and reserved for model validation. The remaining 92,882 observations from 153 permanent plots were placed in the data set used for model fitting. From the total 37,516 slash pine observations, approximately 10% (n ϭ 3,724 observations from nine plots) were randomly selected and removed from the complete data set and reserved for model validation. The remaining 33,792 observations from 71 permanent plots were placed in the data set used for model fitting.
Statistical Analysis
A modified stand table projection growth model consists of three steps: (1) projecting whole-stand values of basal area and trees per acre, (2) computing survival and allocating mortality by diameter class, and (3) projecting growth while adjusting the future stand table to match projected whole-stand trees per acre and basal area per acre.
For step 1, this study used the whole-stand model developed by , which improved on the model of Coble (2009) with a new survival function and added an equation to predict future arithmetic mean diameter . This whole-stand model was used for all subsequent comparisons, which provided a common basis of comparison between all four new models. For steps 2 and 3, this study examined four methodologies to project stand tables: (1) Nepal and Somers (1992) (NS model); (2) Cao and Baldwin (1999) (CB model); (3) Cao (2007) (CAO model) ; (4) a new model that combines aspects of Cao and Baldwin (1999) and Pienaar and Harrison (1988) (ETPPRP model) .
NS Model
The first step in the NS model recovers the parameters of the Weibull distribution from the average diameter and the basal area per acre to approximate the current diameter distribution from the current and future stand. The Weibull cumulative probability distribution is defined as follows:
where c j ϭ shape parameter at time j; b j ϭ scale parameter at time j; a j ϭ location parameter at time j; and e(⅐) ϭ exponential function.
Equation 1 implies the following individual diameter growth equation for the diameter (in in.) class midpoints (D j ) at times j ϭ 1 and 2 (Bailey 1980) .
The movement of the trees from one diameter class to another can be computed under the assumption that the trees in each diameter class follow a doubly truncated Weibull distribution. If the ith diameter class is specified by the lower and upper limits, l i and u i , respectively, and if d 1 and d 2 are the diameter values in the ith class, where
The future stand table must then be adjusted by multiplying each diameter class by an appropriate proportion (P i ). The following equation is used to predict P i :
subject to the constraints
where N 2 ϭ total (whole-stand) number of surviving trees per acre at time 2; B 2 ϭ total (whole-stand) basal area (square feet) per acre at time 2; h i ϭ projected number of trees in D i before correction; g ϭ 0.005454; k ϭ number of diameter classes in the future stand; ␣ 0 , ␣ 1 ϭ coefficients to be determined; and all other variables are as defined before. The secant method (Press et al. 1996) can be used to solve for ␣ 1 in Equation 6, which is then used in Equation 5 to solve for ␣ 0 . By applying this process to each diameter class, the future stand table can be adjusted.
CB Model
The first step in the CB model is to calculate mortality by use of a survival function for each diameter class. The surviving trees per acre in the ith diameter class at time 2 (n i2 ) is predicted by
where n i1 ϭ surviving trees per acre in the ith diameter class at time 1; Dmin 1 ϭ midpoint of the minimum diameter at time 1; and ␤ 1 ϭ coefficient to be determined, and all other variables are as defined before. The secant method (Press et al. 1996) can also be used on Equation 7 to solve for ␤ 1 . The coefficient ␤ 1 is calculated such that the trees across all diameter classes will sum to N 2 . Because the mortality rate will not be evenly distributed among the diameter classes, the diameter distribution will change after mortality. This will cause a change in the arithmetic mean diameter at time 1 (D 1 ) and basal area per acre at time 1 (B 1 ). These whole-stand attributes must be updated after mortality has been removed but prior to projection to time 2:
If there was a sufficient shift in the diameter distribution based on arithmetic and quadratic mean diameters, then the minimum diameter was assumed to increase. The future minimum diameter (Dmin 2 ) can be obtained from the current minimum diameter (Dmin 1 ) using an equation derived from Tang et al. (1997) :
If the error term, , is ignored, the coefficients ␤ 0 and ␤ 1 of Equation 10 can be calculated from
and
where Dq j ϭ quadratic mean diameter at time j ϭ 1 and 2; and D j ϭ arithmetic mean diameter at time j ϭ 1 and 2. Next, the unadjusted future stand table was determined as in Nepal and Somers (1992) using Equations 1-3. The future stand table was then adjusted using a constrained least-squares method similar to the method in Cao and Baldwin (1999) , with the difference being that the second constraint, involving arithmetic mean diameter at time 2, was omitted (their Equation 12b). Our study used predicted values to evaluate the stand table adjustment procedures, and Cao (2007) has shown that the constraint involving average diameter causes difficulty in convergence when using predicted instead of observed values. Thus, the adjusted number of trees per acre in each diameter class (n i2 ) is given as
where 1 and 2 are Lagrangian multipliers, calculated as
and all other variables are as defined before. This adjustment sometimes computed negative values of n i2 , usually where gaps existed in the diameter distribution. To correct for negative n i2 , n i2 was set to zero, and the adjustment process was repeated.
CAO Model
As for the CB model, the first step in the CAO model is to calculate mortality at the beginning of the growth projection period by use of a survival function for each diameter class, except that an individual-tree survival equation is used instead of Equation 7:
where p i,tϩ1 ϭ probability that ith tree survives at time t ϩ 1, given that it was alive at time t; A t ϭ plantation age in years at time t; Hd t ϭ dominant height in feet at time t; B t ϭ basal area (square feet) per acre at time t; D i,t ϭ diameter of the ith tree at time t; Dq t ϭ quadratic mean diameter at time t; Rust i,t ϭ presence (1) or absence (0) of stem fusiform rust for the ith tree at time t; and all other variables are as defined before. During the growth period, all trees in each diameter class will increase in diameter. The next step is to project the lower and upper limits of each diameter class by using an individual tree diameter growth equation,
where D i,tϩ1 ϭ diameter of the ith tree at time t ϩ 1; ln(⅐) ϭ natural logarithm function; and all other variables are as defined before. After diameter growth, the trees are reclassified into new diameter classes assuming that the distribution follows the doubly truncated Weibull distribution of Equation 3, as in the NS and CB models. The future stand table will not be consistent with wholestand projections of basal area per acre and trees per acre, so the number of trees in each diameter class must be adjusted to match the whole-stand values. This is accomplished by using the same constrained least-squares Equation 13 as in the CB model.
ETPPRP Model
As with the CB and CAO models, mortality was removed at the beginning of the projection period so that dead trees would not be included in the growth projections. The ETPPRP model uses Equation 7 to predict future surviving trees per acre in the ith diameter class. As with the CB model, Equation 7 provides a new stand table in which diameter class values for trees per acre are consistent with the whole-stand estimate.
The model developed by Pienaar and Harrison (1988) and later used by Borders et al. (2004) was used in the ETPPRP model to project the stand table:
where b i1 ϭ basal area corresponding to the midpoint of the ith diameter class at time 1; b i2 ϭ basal area corresponding to the midpoint of the ith diameter class at time 2; b 1 ϭ average basal area of the n i2 trees per acre that survive from time 1 to time 2; ␣ ϭ (A 2 /A 1 ) ␥ ; ␥ ϭ coefficient to be determined using the NLIN procedure of SAS (2004); A 1 ϭ plantation total age in years at time 1; A 2 ϭ plantation total age in years at time 2; and all other variables are as defined before.
Equation 18 allowed each diameter class midpoint to be converted into a basal area class midpoint. The stand table was then projected into the future while being constrained to match wholestand estimates of basal area per acre (B 2 ). The values of b i2 were then converted to diameter classes using
The projected diameter class midpoints did not fit into traditional 1-in. diameter classes (e.g., the 6-in. diameter class ranges from 5.5 to 6.5 in.). Assuming that trees were uniformly distributed in each of the projected diameter classes, traditional 1-in. diameter classes were obtained by taking the proportion of the new class that fell in the traditional diameter class limits.
Model Validation
The four new stand table projection models were validated on their ability to project future stand tables from 3 to 21 (loblolly) or 18 (slash) years for all possible projection lengths using the 10% validation data set. For example, if a plot was measured at 10, 13, 16, 19, 22, 25, 28, and 31 years, then there will be seven 3-year projection periods, six 6-year periods, five 9-year periods, four 12-year periods, three 15-year periods, two 18-year periods, and one 21-year period. An error index proposed by Reynolds et al. (1988) was used to validate predicted trees per acre and basal area per acre for all possible projection lengths at the diameter-class level, as well as all diameter classes combined (Cao 2007) :
where EI Nj ϭ error indices based on number of trees per acre for the jth plot; EI Bj ϭ error indices based on basal area per acre for the jth plot; n ij ϭ observed number of trees per acre in the ith diameter class in the jth plot; n ij ϭ predicted number of trees per acre in the ith diameter class in the jth plot; b ij ϭ observed basal area per acre (square feet) in the ith diameter class in the jth plot; b ij ϭ predicted basal area per acre (square feet) in the ith diameter class in the jth plot; and m j ϭ the number of diameter classes in the jth plot.
Results and Discussion
For all diameter classes combined, the means and standard deviations of the Reynolds et al. (1988) error index for the four modified stand table projection models based on the 10% validation data set are shown in Tables 2 and 3 for loblolly and slash pine, respectively. For loblolly and slash pine, the CB and NS models consistently produced the lowest mean error index values, based on either trees per acre or basal area per acre, for all four models and all projection lengths. However, the ETPPRP model produced the best results of the four models for the 3-year projection length only. The ETPPRP model performed third best for loblolly pine, followed by the CAO model, but this was reversed for slash pine. We speculate that for slash pine, predictions were improved with the use of individual tree equations because possible site-to-site variability is better represented at the individual tree level for slash pine versus loblolly pine.
For individual diameter classes, the means of the Reynolds et al. (1988) error index for trees per acre for the four modified stand table (51) 163 (85) 182 (79) 194 (100) 165 (66) 164 (82) Nepal and Somers (1992) 122 (73) Cao (2007) 196 (97) 241 (106) 243 (95) 234 (90) 220 (91) 183 (76) 203 (59) Error index based on basal area/acre ETPPRP 31 (15) 42 (18) 57 (26) 68 (18) 79 (25) 80 (23) 86 (39) Nepal and Somers (1992) 34 (16) 40 (18) 46 (17) 52 (20) 57 (25) 50 (18) 52 (16) Cao and Baldwin (1999) 33 (16) 39 (18) 46 (19) 52 (20) 58 (25) 57 (22) 45 (12) Cao (2007) 52 (28) 70 (30) 77 (26) 78 (18) 85 (28) 81 (24) 103 (21) projection models based on the 10% validation data set are shown in Figure 1 for loblolly pine. For 3-year projections, the ETPPRP model performed the best for most diameter classes (Figure 1a) . The CB and NS models performed next best across the range of diameters, followed by the CAO model. The CB and NS models produced similar results for the shorter projection lengths, but the CB model outperformed the NS models as the projection length increased. At the 21-year projection length, the CB model produced the lowest error indexes for all diameter classes except the 8-in. and 12-in. classes (Figure 1d ). For these two classes, the ETPPRP model produced the lowest error indexes, followed by the CB model and then the NS model. For individual diameter classes of slash pine, the means of the Reynolds et al. (1988) error index for trees per acre for the four (and standard deviations) of the Reynolds et al. (1988) error indices based on trees per acre and basal area per acre for slash pine for four models. Numbers in bold denote the smallest mean error among the four models. (11) 46 (12) 69 (21) 82 (25) 109 (37) Nepal and Somers (1992) 25 (13) 29 (14) 35 (17) 42 (13) 47 (11) 59 (15) Cao and Baldwin (1999) 24 (13) 28 (16) 34 (17) 43 (12) 52 (14) 60 (12) Cao (2007) 26 (14) 35 (16) 50 (18) 56 (17) 55 (15) 76 ( modified stand table projection models based on the 10% validation data set are shown in Figure 2 . For 3-year projections, the ETPPRP, CB, and NS models performed similarly (Figure 2a) . The CB and NS models outperformed the ETPPRP model as projection length increased. Unlike the loblolly results, the CB and NS models produced similar results across all projection lengths. The CAO model again did poorly versus the other three models, though it outperformed the ETPPRP model for the 18-year projection length (Figure 2d ). On the basis of these results, we recommend that the CB model be used to project stand tables for unmanaged loblolly and slash pine plantations in East Texas. This model typically produced the lowest mean errors for individual diameter classes and all diameter classes combined compared with the other models considered, especially for loblolly as projection length increased. We considered recommending the NS model, because the results were similar to those of the CB model, but the CB model outperformed the NS model at the diameter-class level for loblolly pine at the longer projection lengths. We believe the CB and NS models outperformed the ETPPRP model because the ␥ coefficient in Equation 18 was estimated for the entire population. In contrast, the Lagrangian multipliers (Equations 13-15) calculated for the CB model and the proportions (Equation 4) calculated for the NS model used data from each individual plot. This plot-level estimation procedure probably contributed to less error in the final predictions of trees per acre and basal area per acre versus the ETPPRP model. Furthermore, we expected that the CAO model would outperform the other models, based on the findings of Cao (2007) , but that was not the case in this study. A possible explanation could be differences between the data sets used in Cao (2007) . For example, Cao (2007) used data from a loblolly South-wide seed source study that included 15 seed sources planted at 13 locations across 10 southern states. Our study used data from East Texas loblolly and slash pine plantations planted with woods-run seedlings.
A Numerical Example
This example presents the results of a stand table projection using the recommended CB model from age 27 (time 1) to age 33 (time 2) for plot 45 in the loblolly pine plantation model validation database (Table 4) . The current and future observed stand attributes are given in columns 2 and 3, respectively. The first step is to project the whole-stand variables dominant height, arithmetic mean diameter, trees per acre, and basal area per acre. This means that the future 6-in. diameter class in current terms ranges from 5.13 to 6.06 in. Notice that this diameter range spans both the 5-in. (4.5-5.5 in.) and 6-in. (5.5-6.5 in.) current 1-in. diameter classes. To find the future trees per acre in the 6-in. diameter class, Equation 3 is applied to the two intervals, 5.13-5.5 in. and 5. Finally, the unadjusted future trees per acre for the 6-in. diameter class are the sum of the trees per acre of the two intervals: 13.4 ϩ 15.8 ϭ 29.2 trees per acre. This process is repeated for all diameter classes in the stand table to produce unadjusted trees per acre by diameter class, which are found in column 5 of (Table 4 , column 6) can be computed using Equation 13, which will sum to the whole-stand estimates.
